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Optimal thermoelectric figure of merit of a molecular junction
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We show that a molecular junction can give large values of the thermoelectric figure of merit Z7, and so it
could be used as a solid-state energy-conversion device that operates close to the Carnot efficiency. The
mechanism is similar to the Mahan-Sofo model for bulk thermoelectrics—the Lorenz number goes to zero
violating the Wiedemann-Franz law while the thermopower remains nonzero. The molecular state through
which charge is transported must be weakly coupled to the leads, and the energy level of the state must be of
order kgT away from the Fermi energy of the leads. In practice, the figure of merit is limited by the phonon

thermal conductance; we show that the largest possible ZT~(5§?)‘”2, where 5{’;‘ is the phonon thermal
conductance divided by the thermal conductance quantum.
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Electrical transport in mesoscopic and nanoscale systems
has been a major focus of recent work in physics, chemistry,
and materials science.! In contrast, thermal transport has
been much less intensively studied despite a number of fas-
cinating results including the observation in 2000 of the
quantum of thermal conductance.?> Thermal and thermoelec-
tric transport are also relevant to technological questions of
great importance, such as the construction of solid-state
energy-conversion devices.

The efficiency of such devices is determined by the ther-
moelectric figure of merit* ZT, which is defined as
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Here G is the charge conductance, S is the thermopower, Gfﬁ
is the electron thermal conductance, and G{’ﬁl is the phonon
thermal conductance. As ZT — o, the device attains the Car-
not efficiency. The figure of merit of the semiconductors
typically used for thermoelectric applications is approxi-
mately 1; ZT values of 2 or 3 would lead to a considerable
increase in commercial utility and are being sought in several
types of materials.

Theoretical®® and experimental’ studies of semiconductor
nanowires have shown that phonon confinement can lead to a
lower phonon thermal conductance and so to a higher ZT.
Nanostructured — materials, such as quantum dot
superlattices,® can also have strong scattering of phonons.
Certain strongly correlated oxides, such as sodium
cobaltate,’~!! are promising candidate materials by virtue of
their metal-like electrical conductivity combined with high
thermopower at room temperature or below. Another set of
candidates, molecular junctions,'?>'3 are promising as both
phonon and electron properties may contribute to increasing
ZT. The order of magnitude of the maximum phonon thermal
conductance through a junction should be set by the thermal
conductance quantum. However, due to a density-of-states
mismatch between the phonons in the leads and the phonon
modes of the molecule, the true phonon thermal conductance
might be much smaller. The electronic properties of such
junctions are the subject of this Rapid Communication.
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Improvements of standard density-functional methods are
needed to give unambiguous predictions for the transport
properties of molecular systems,'*!> especially when corre-
lations between electrons are significant. It is therefore valu-
able to understand transport in simplified models incorporat-
ing intramolecular correlations, such as the Anderson model
reviewed below, both as a check on the accuracy of new ab
initio methods and to guide both experiment and numerics to
where high ZT may occur.

Here we find the figure of merit of a molecular junction
starting from the Anderson model for the molecule and leads,
which is valid under the assumption that a single molecular
level dominates transport. If the lifetime 7 of an electron in
the molecular state satisfies 7<A/(kgT), it is generally
true'®!” that ZT<<1. We concentrate therefore on the regime
7>/ (kgT). Physically, this corresponds to a wave function
for the level that is strongly localized on the molecule so that
the state is weakly coupled to the leads. In Ref. 18 it was
shown that for the Anderson model in this limit of weak
coupling to the leads, with strong interactions, and by ignor-
ing the phonon contribution to the thermal conductance, the
figure of merit becomes infinite. Here we find that the phe-
nomenon is surprisingly general—it is also true in the limit
of weak interactions. We clarify the mechanism in both cases
by comparison to the work of Mahan and Sofo'® on bulk
thermoelectrics. (The mechanism, a violation of the
Wiedemann-Franz law, has previously been studied in quan-
tum dots in different parameter regimes in Refs. 20-22.)
Also, by carrying the calculation for the electron-only ZT to
higher order in the coupling to the leads, we find the optimal
value of ZT once the phonon contribution is included. Fi-
nally, we suggest a candidate molecule in which high ZT
might be observed.

The Anderson model is defined by the Hamiltonian

H=-t 2 (cly 00+ He) = 2 [th(c] ye0,0+He)

j>0,j<-1,0 o
+ [i(C(-;!o.C_LO. + HC)] + Sd(”OT + nOL) + U”OT”OL . (2)

The label o represents the spin of the electrons; j is the site
index, with the molecule represented by the site at j=0. The
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amplitude to hop from the molecule to the right (left) lead is
given by tI/Q(L)’ and the leads are represented by the sites at
j>0 and j<0. The energy needed to place a single electron
on the molecule is g, which can be tuned by gate voltage.
The electron-electron repulsion within the molecule results
in an additional energy cost of U to add two electrons to the
molecular site. The hopping within the leads is ¢, which gives
a band structure E(k)=-2f cos ka, where a is the lattice
spacing.

As a first step, we find the transport properties with no
electronic repulsion (U=0) when the transmission function
of the impurity can be found by solving the single-particle
Schrodinger equation. The result is

~ I, TR(1 - E*/47%)
201 = E%42) + [EQ = T20) - 6,1

T,(E) (3)

where E is the incident energy, I’ L(R)=2t£%R)/t, and I'=(T",
+I'z)/2. Close to the band center, and with I'; <1, the fa-
miliar Lorentzian transmission results,

I 4(E-g)?

T,(E) = (4)

The hybridization energy, I', sets the lifetime, 7, of an elec-

tron on the molecule through 7=7%/T". We first use this form
of 7_(E) to treat the noninteracting case.

Within the Landauer formalism the transmission function
determines the charge current / and the heat current due to
the electrons Iz)l through the relations

2t
I=- ;f dE[T\(E) + T(E)I/L(E) - frE)]. (5
2t

2t
Ry | are- wime s mEne - e
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Here —e is the electron charge, and the function f{L) is defined
by fUE)=(eF-#)/sT) 4 1)71 where w;, and T, are the
chemical potential and temperature in the left lead (and simi-
larly for f,)e). At linear response, and for chemical potential
away from the band edges,

2eyLy - 5
]:—;%[,}—0('}@ 5)eV+ -7:](‘)/9 5)kBAT], (7)
2kgT
Ite: _B’)/L’YR[.?](’T/, §)EV+ fz(’?96)kBAT]3 (8)

h vy

where ) =Lpr)/ (kgT), y=T1(kgT), 6=(e4— )/ (ksT),
eV=pu;— g, and AT=T; —T. The functions F, can be found
from Egs. (7) and (8) by setting x=(E—pu)/(kzT); the result
is

o Y
Fi%:0) = f_w dx4 cosh?(x/2) ¥ + (x - 8)%°

)

Fo, Fi, and F, can then be expressed as
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FIG. 1. The Lorenz number (main figure) and electronic ZT
(inset) plotted as functions of T'/(kgT), with (e;—u)/(kgT)=2 in
both cases. Only the electron contribution to the thermal conduc-
tance is included. Note that the Lorenz number attains the Sommer-
feld value of 72/3 for I'>kpT.
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where w=7y+id. The function ¢ is the trigamma function
W2)== o(z+n)7%

We define the limit of a long-lived molecular state as T’
<kgT, i.e., y<l. Ignoring the phonon contribution to the
heat current (to be restored below), the figure of merit is
given by ZT=(FyF,/F=1)"". For ¥ fixed, ZT is largest
when 6= *£2.4. If one holds ¢ fixed, and allows y— 0, the
figure of merit diverges as

1 w5

= —0
= eos2(a) T O (13)

(This follows from expanding F, to first order in y.) The
thermopower is finite as y— 0, and (as shown in Fig. 1) the
divergence in ZT is due to a violation of the Wiedemann-
Franz law, with the thermal conductance vanishing faster
than the electrical conductance.

In practice, the junction figure of merit will be limited by
the phonon thermal conductance GR'=GH'G,, with G,

kg

3h

T and G} dimensionless. Using

_YLYR 2_]‘123 75

GS? , 14
y h 4 cosh’(82) (14)
we include the phonon contribution to get
1 _ Gy, G _4 cosh2(5/2)<_+ #ég?«y)
7T~ GS’T ' GS°T 7® \" 6yve )
(15)

Assuming y; =ygp=7y and minimizing 1/ZT with respect to y
and & gives, for small éfhh, an optimal value of ZT
=0.51/(GI""2, which diverges when GF"— 0.
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There is a simple physical picture that gives the correct
expressions for Fy, F;, and F, to the order of 3°, and thus,
gives 1/ZT=0+O(3"). This approximation is known as “se-
quential tunneling” and has been used to study transport in
quantum dots and molecules.>* Suppose the molecular
level has energy &,4; then, in this approximation, an electron
in the leads can tunnel onto the level only if it too has energy
g, Energy is conserved throughout the transport process.

This allows for a current proportional to I';I'x/T". In contrast,
in tunneling through a virtual intermediate state, away from
resonance the current is proportional to the probability to
tunnel onto the level and the probability to tunnel off, i.e., to
FLFR.

In the sequential tunneling limit, each electron passing
through the junction carries the same amount of heat, O
=g,—pm. To understand why the Wiedemann-Franz law is
violated, recall that the thermal conductance is the heat cur-
rent divided by the temperature difference under the condi-
tion of zero charge current. The condition /=0 implies that
the flux of left-moving electrons equals the flux of right-
moving electrons; since each left- or right-moving electron
carries exactly the same amount of heat Q, the thermal cur-
rent I is also zero. A similar mechanism was used by Mahan
and Sofo!®?7 to search for the bulk material with the best
thermoelectric figure of merit. For long-lived molecular
states, unlike bulk materials (except in the atomic limit'!),
the theory can be extended to include electron-electron
repulsion.

We now study whether, once electronic repulsion in the
molecule is added, the electronic figure of merit Z7T still
scales like 1/7 in the limit of a long-lived molecular state.
Define the probability of the molecular level being empty as
P(0), occupied by an up spin as P(7), occupied by a down
spin as P(]), and doubly occupied as P(2). We consider the
currents where the molecule meets the left lead. An example
of a process that contributes to the currents is the tunneling
of an up electron with energy &, from the left lead onto the
empty level. To find the total currents, we consider all pos-
sible tunneling processes onto and off of the molecule. For
6>0, i.e., g;>> u, the charge and heat currents at the left
junction are then given by

I=-e7,{P(0)2f,(e0) = P(D[1 = fr(e )]+ P(1)fy(e4+ V)
=2PQ)[1 - fuleg+ U1}, (16)

15 = 7' kT{6P(0)2f,(8,) — SP(1)[1 - f1(e,)]
+(8+u)P(1)f1(eg+ U) = (6+u)2PQ2)[1 - fr(e,+ U)]},
(17)

where P(1)=P(7)+P(|), u=U/(kzT), and, as before, &
=(gy4—p)/ (kgT). Similar formulas can be written for the time
derivatives of the probabilities d,P(0), etc. The probabilities
P(0), P(1), P(|), and P(2) are then determined by requiring
a steady state. These are inserted into the equations for the
currents to determine the linear-response transport coeffi-
cients. The final result is?®
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FIG. 2. 1/ZT without the phonon contribution to the thermal
conductance for I'/ (kgT) — 0 and (g,—u)/ (kgT)=2.
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The figure of merit in the sequential tunneling approxima-
tion (again ignoring phonons) is given by

e O[8(1 +2e% + 2% + u(1 + %)
IT=— 5 5
u (1+e%)(1+e”™)

(An approximate version of this formula was derived in Ref.
18.) 1/ZT is plotted versus u in Fig. 2 for =2 and y—0. ZT
diverges for u=0 as before.

For u>1, 1/ZT goes to zero like e™. This can be under-
stood within the picture presented earlier. Even though, in
contrast to the noninteracting case, there are now two levels
(of energy &, and g,+U) on the molecule through which
transport can occur, the relative probability of electrons in
the leads having the corresponding energies goes as e™". As
U becomes large there is only an exponentially small prob-
ability to have an electron in the leads with energy e,+U. In
this case, each electron that passes through the junction car-
ries heat (e;—u) and the situation is similar to the noninter-
acting case where transport is through a single level; thus,
the thermal conductance in this case is also zero. (For con-
venience, we consider the symmetric case with y;=vyz=17.)
Since the sequential tunneling model is correct to first order
in vy, the thermal conductance must be nonzero only at order
2. For 6=2.4 and u> 1, we have GS?>=10.4k3/#, and so
GS? scales like 7 as in the noninteracting case. Adding in the
phonon contribution to the heat current, we again conclude

that ZT will scale like (55:1)—1/2. In the limit of u— o0, the
Green’s function method*° was used to find the transport
coefficients to higher order in . The result is that, including
the phonon contribution, the maximum ZT is O.42(Gg}1)‘1/ 23

We have shown that transport through a single molecular
level can lead to large values of the thermoelectric figure of
merit ZT. Within the Anderson model for the level, this oc-
curs if the molecular state is long lived (i.e., for the case of a
symmetric junction, y—0) and the energy scale U of the
electron-electron interactions within the molecule satisfies

(21)
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either U<<kpT or U>kgT. The increase in Z7T is due to a
violation of the Wiedemann-Franz law—the charge conduc-
tance scales like v, whereas the electron thermal conductance
divided by the temperature scales like 7. While similarly
large figures of merit may be achieved for optimal band
structures in bulk materials,!® the advantage of molecular
systems is that they can have only a small phonon contribu-
tion to the thermal conductance, so that the maximum
achieved value of ZT including phonons may be higher than
in bulk materials. A phonon thermal conductance of 0.1G,,
would lead to ZT of 1.6 for U<kT and 1.3 for U>kT.
There are some practical challenges in achieving dramati-
cally enhanced ZT in a real device by the mechanism pre-
sented here. The wave function of the level must be localized
at the center of the molecule to reduce overlap with states in
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the leads; in addition, the energy of the level must lie about
2kgT from the Fermi level of the leads. These requirements
may be satisfied by the Co[tpy-(CH,)s-SH], molecules stud-
ied by Park et al.>¥ The electronic transport in these sys-
tems is through a cobalt atom that sits at the center of the
molecule; the alkyl chains separate the cobalt from the gold
leads, creating a state localized away from the leads. It would
be of great interest to confirm that the Wiedemann-Franz law
is indeed violated in these molecules.
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